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On the necessity of symmetric positional coupling
for string stability
Dan Martinec, Ivo Herman, and Michael Šebek

Abstract—We consider a distributed system with identical
agents and asymmetric bidirectional control, where the asymmetry is due to different controllers, which we describe by transfer
functions. By applying the wave transfer function approach, it is
shown that, if there are two integrators in the dynamics of agents,
then the positional coupling must be symmetric, otherwise the
system is string unstable. This finding holds also for a distributed
system with complex interaction topology due to the local nature
of the wave transfer function. The main advantage of the transfer
function approach is that it allows to analyse bidirectional control
with arbitrary complexity of asymmetry in the controllers, for
instance, the control with symmetric positional but asymmetric
velocity couplings.
Index Terms—Asymmetric control, string stability, distributed
system, travelling waves, wave transfer function

I. I NTRODUCTION
Although each agent in a distributed system is usually well
designed and asymptotically stable, the interaction between
agents can trigger undesirable phenomena such as string
instability. There are several definitions of the string instability,
see [1], [2] or [3]. They all describe how the disturbance acting
on agent amplifies as it propagates in the system. Similar analytical measures of system performance are harmonic stability
[4], flock stability [5] and coherence [6].
One of the most studied distributed system is a vehicular
platoon, where the interaction topology is a path graph. Each
agent of such a system, except for the first and last, measures
the distance, i.e. its relative position, to the nearest neighbours.
For such a case, we require two integrators to be present in
the open-loop model of each agent so that the agent can track
the leader travelling with a constant velocity with the zero
steady-state error.
It was shown in [7] that the string instability is unavoidable
for the agents with two integrators under an unidirectional
interaction, therefore, an asymmetric bidirectional scheme was
introduced. Later, it was shown in [8] that the same asymmetry
for all states used for coupling causes a nonzero lower bound
on the distributed-system eigenvalues, which guarantees the
controllability of a system with even a large number of agents,
see [9]. The disadvantage of such an asymmetric bidirectional
control of agents with two integrators, as shown in [4] and
[10], is that the system is harmonically unstable, meaning that
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the H∞ norm of transfer functions between the agents scales
exponentially with the number of agents in the system.
Recently, papers [11] and [5] introduce a novel type of
asymmetric bidirectional control by assuming nonequal asymmetries between the output states. They showed that different
couplings between the positions and velocities in the double
integrator system can be beneficial for decreasing the transient
and overshoots in the system response. The latter paper
also suggests that the symmetry in the positional coupling
is necessary for the asymptotic and flock stabilities of an
oscillator array. The reasoning of both papers were based on
mathematical simulations and reasonable conjectures, which
raise the following questions. Can the ’symmetry’ condition
be generalized for more complex agent dynamics? Is the
symmetric coupling necessary for other types of graphs than
a path graph? Answering these questions is the main aim of
this paper.
We adopt the wave approach from [12] and generalize it
for a homogenous-asymmetric path graph, which represents a
distributed system where all the agents are identical but the
coupling between them is asymmetric. Unlike the traditional
Laplacian approach, e.g. [13], the wave approach allows us to
describe how the information is locally propagated from an
agent to its immediate neighbours. By analyzing this local
behaviour, we can study the performance of a distributed
system, for instance, the string (in)stability. Moreover, the
wave approach allows the treatment of arbitrary asymmetry in
the controllers, for instance, different positional and velocity
couplings. We show that symmetric coupling between the
agent’s positions, represented by the identical DC gains of
the controllers, is necessary for the string stability. This result
holds for arbitrary graph and agent’s model, which is a
complementary result to prior findings about the string stability
of asymmetric bidirectional control.
The paper is organized as follows. Section II introduces
model of agent in a distributed system. Section III derives
properties of the wave propagation in a distributed system with
path graph topology that are necessary to state the main result
in Theorem 3 in Section IV. The numerical validation of the
proposed approach is given Section V. Section VI shows that
the result in Theorem 3 holds even for distributed system with
complex interaction topology.
II. M ATHEMATICAL PRELIMINARIES
We consider a formation of identical agents with a path
graph interaction topology, for instance, a platoon of vehicles
on a highway. The goal of the formation is to drive along a
line with equal distances between the agents.
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The dynamics of agents is described by a linear single-inputsingle-output model, the transfer function P (s). The output is
the position of the agent, Xn (s), described as
Xn (s) = P (s)Un (s),

(1)

where n denotes index of the agent and Un (s) is the input to
the agent generated by the local controllers onboard the agent.
The goal of the controllers is to equalize relative distances
to the immediate neighbours. Each agent has two controllers
Cf (s) and Cr (s) that control the front and rear distance of
the agent, respectively. We describe the controllers by transfer
functions, which allows the representation of arbitrary couplings between the agents. In other words, the controllers may
be of an arbitrary order and structure. We consider that each
agent has the same set of controllers but the two controllers
may be different, i.e. Cf (s) 6= Cr (s). Then
Un (s) =Cf (s) (Xn−1 (s) − Xn (s))
+ Cr (s)(Xn+1 (s) − Xn (s)).

(2)

The resulting model of the nth agent is shown in Fig. 1 and
described as
Xn (s) =Mf (s)(Xn−1 (s) − Xn (s))
+ Mr (s)(Xn+1 (s) − Xn (s)),

(3)

where Mf (s) = Cf (s)P (s) and Mr (s) = Cr (s)P (s). We allow
the controllers to be arbitrary but assume that Mf (s) and Mr (s)
have the same number of integrators.

The traditional asymmetric bidirectional control, see [9] or
[4], assumes that Mf (s) = µMr (s), where µ is a constant gain.
We allow the asymmetry to be more general than scaling and
focus on the relation between the kth coefficients of (5) and
(6).
Definition 1. We say that the distributed system has symmetric
positional coupling if the open-loop model of an agent has
nr,0
nf,0
=
.
(7)
df,0
dr,0
In other words, the positional coupling is symmetric if
the DC gain of Mf (s)/Mr (s) is equal to one. Similarly, the
velocity coupling is symmetric if nf,1 /df,1 = nr,1 /dr,1 .
III. WAVE TRANSFER FUNCTION FOR ASYMMETRIC
BIDIRECTIONAL CONNECTION

The bidirectional property of locally controlled agents
causes that any change in the position of the leader is propagated through the distributed system as a wave. When the wave
reaches the rear-end agent, it reflects and propagates back to
the leader, where it reflects again. This section describes the
propagation of this wave.
The basic idea is to describe the position of the nth agent
in a distributed system with a path graph topology by two
components, An (s) and Bn (s), that represent two waves
propagating along a distributed system in the forward and
backward directions, respectively. The mathematical model of
a distributed system with a path graph topology is shown in
Fig. 2 and described as
Xn (s) = An (s) + Bn (s),
An+1 (s) = G+ (s)An (s),
Bn (s) = G− (s)Bn+1 (s),

(8)
(9)
(10)

where n ∈ h1, N −1i, G+ (s) and G− (s) are asymmetric wave
transfer functions (AWTFs), which describe how the wave
propagates in the system in the forward, (9), and backward
directions, (10), respectively. It holds.

Fig. 1: The model of nth agent.
The first agent (n = 0), the so-called leader, is externally
controlled and serves as a reference signal for the distributed
system. The rear-end agent (n = N ) of the path graph is
described as
XN (s) = Mf (s)(XN −1 (s) − XN (s)).
It is convenient to express Mf (s) and Mr (s) as
PLf
nf,k sk
1
1 nf (s)
Mf (s) = p
= p Pk=0
,
Kf
k
s df (s)
s
k=0 df,k s
PLr
nr,k sk
1 nr (s)
1
Mr (s) = p
= p Pk=0
,
Kr
k
s dr (s)
s
k=0 dr,k s

(4)

(5)
(6)

where p is the number of integrators, which is the same for
both transfer functions, Kf , Lf , Kr and Lr is the order of
polynomial nf (s), df (s), nr (s) and dr (s), respectively, and
nf,k , df,k , nr,k and dr,k are their coefficients. Without lost of
generality we assume nf,0 6= 0, nr,0 6= 0 and df,0 = dr,0 = 1.

Fig. 2: Scheme of waves travelling in a distributed system
with a path graph topology. The squares stand for agents and
springs illustrate the virtual connections between the agents
created by the controllers. Note that all the agents are identical.
Lemma 1. AWTFs G+ (s) and G− (s) are given by
s
1
1
Mf (s)
G+ (s) = β(s) −
β 2 (s) − 4
,
2
2
Mr (s)
s
1
1
Mr (s)
G− (s) = α(s) −
α2 (s) − 4
,
2
2
Mf (s)

(11)
(12)
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respectively.

where
1 + Mf (s) + Mr (s)
1 + Mf (s) + Mr (s)
α(s) =
, β(s) =
.
Mf (s)
Mr (s)
(13)
Proof: First, we find the transfer function describing the
propagation in the forward direction, G+ (s). The transfer
function from X0 (s) to X1 (s) in a system with one leader and
one follower is X1 /X0 = Mf /(1 + Mf ). For two followers
−1
is X1 /X0 = (Mf /Mr ) (β − Mf /(1 + Mf )) . Continuing
recursively for N → ∞, X1 /X0 is expressed by the continued
fraction as
Mf (s)/Mr (s)
(14)
Mf (s)/Mr (s)
β(s) −
.
β(s) − . .
Representing a square root function as the continued fraction,
see [14],
p
y
,
(15)
z2 + y = z +
y
2z +
.
2z + . .
we have
s
X1 (s)
1
1
Mf (s)
= β(s) −
β 2 (s) − 4
.
(16)
X0 (s)
2
2
Mr (s)
X1 (s)
=
X0 (s)

Similarly, we can find that
Xn (s)
1
1
= β(s) −
Xn−1 (s)
2
2

s

Mf (s)
β 2 (s) − 4
.
Mr (s)

(17)

The transfer function G− (s) describing the propagation in
the opposite direction can be found analogously. Namely, let
the leader be placed on the opposite end of the system. Then
the transfer function from X0 (s) to X−1 (s) is
Mr (s)/Mf (s)
Mr (s)/Mf (s)
α(s) −
.
α(s) − . .
s
1
Mr (s)
1
= α(s) −
α2 (s) − 4
.
2
2
Mf (s)

X−1 (s)
=
X0 (s)

X1 =

1
1
X0 + X2 .
α
β

(21)

Substituting for X1 = A1 + B1 and X2 = G+ A1 + G−1
− B1
from (9) and (10), it yields
1
1 G−1
− −β
X0 +
B1
1
1
β
1 − G+
1 − G+
β
β
= G+ X0 − G+ G− B1 = G+ X0 + T1 B1 ,

A1 =

1
α

(22)

where
1
1
1
r
=
1
α
1
Mf
Mr
1 − G+
β2 − 4
α+
β
2
2Mf
Mr
r
M
Mr
1
f
β2 − 4
α−
2
2Mf
Mr


=
1 2 1
Mr
2
α −
α −4
4
4
Mf
!
r
r
Mr
Mf
1
Mf
1
Mf 1
2
α−
β −4
β2 − 4 .
= β−
=
Mr 2
2Mf
Mr
2
2
Mr
(23)
Similarly,
1
1 G−1
− −β
r
= (G−1
− − β)
1
β
1
Mf
1
1 − G+
β+
β2 − 4
β
2
2
Mr
M
r
= (G−1
G+ = −G+ G− .
(24)
− − β)
Mf
Now, we derive the reflection relation for the rear-end agent.
Substituting (9), (10) and (8) into (4) gives
AN + BN = Mf (G−1
+ AN + G− BN − AN − BN ).

(25)

By rearranging, it gives
(18)

Note that the AWTFs can also be derived by the quadraticequation approach given in Section 3.2 [12].
We note that the reflections of the wave from the leader and
the rear-end agent described by the following Lemma are not
used in the derivation of the main result of this paper. However,
we feel obliged to derive them to fully cover the issue of waves
in asymmetric bidirectional control. Moreover, we use the
reflections for numerical verification of the proposed AWTF
approach.
Lemma 2. The reflections from the leader and the rear-end
agent in the path graph are described by
A1 (s)
= −G+ (s)G− (s),
T1 (s) =
B1 (s)
BN (s)
G+ (s) − 1
TN (s) =
= G− (s)
,
AN (s)
G− (s) − 1

Proof: The position X1 (s) in (3) can be rewritten as

BN =

(20)

(26)

where we have used Mf G−1
+ = −Mr G+ + (Mr + Mf + 1) and
Mf G− = −Mr G−1
− + (Mr + Mf + 1).
To be able to track the leader travelling at a constant velocity
with the zero steady-state error we require two integrators to
be present in the model of each agent. The DC gains of the
AWTFs in this case are limited to one as the following Lemma
describes.
Lemma 3. If there is at least one integrator in Mf (s) and
Mr (s), then the DC gains of the AWTFs are
lim G+ (s) = κ,

s→0

lim G+ (s) = 1,

s→0

(19)

1 + Mf − Mf G−1
G+ − 1
+
AN = G−
AN ,
Mf G− − Mf − 1
G− − 1

lim G− (s) = 1,

if 0 < κ < 1, (27)

lim G− (s) = 1/κ,

if κ ≥ 1,

s→0
s→0

(28)

where
κ = lim

s→0

Mf (s)
nf,0
=
.
Mr (s)
nr,0

(29)
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Proof: First, we prove the DC gain of G+ . Substituting
from (13) into (11) gives


s
2
1
1
Mf
Mf
Mf 
1
1+
1+
+
−
+
−4
.
G+ =
2
Mr
Mr
Mr
Mr
Mr

analytic everywhere except for the non-positive real axis (e.g.,
[16]). The square root function of G+ (s) is
s
s
M
(s)
1 + Ms (s)
1
1
f
β 2 (s) − 4
f2,+ (s) =
=
, (36)
2
Mr (s)
2
Mr2 (s)

(30)

2
where Ms = Mr2 +Mf2 +2Mr +2Mf −2Mr Mf =
p(Mr −Mf ) +
2
2(Mr + Mf ). The overlapping branch cuts of 1/M√r cancel
each other, therefore, f2,+ is analytic if and only if 1 + Ms
is analytic. Hence, if the Nyquist plot of 1 + Ms does not
intersect the non-positive real axis, then f2,+ is analytic.
The first part of the AWTFs, α/2 and β/2, are rational
transfer functions. A rational function is analytic in the ORHP
(open-right half plane) if and only if it has no singularities,
in this case ORHP zeros and ORHP poles of Mf and Mr .
Therefore, if Mf and Mr have no ORHP zeros, nor ORHP
poles, then α/2 and β/2 are analytic.
Since the difference of two analytic functions is also analytic, then both AWTFs are analytic. Both AWTFs have
bounded H∞ norm, hence, both are asymptotically stable.

Since we assume at least one integrator in Mr , lims→0 1/Mr =
0. Then

p
1
1 + κ − (1 + κ)2 − 4κ
lim G+ (s) =
s→0
2
1
= (1 + κ − |1 − κ|),
(31)
2
which proves (27). The proof of the DC gain of G− is similar.
Another important characteristics of the AWTFs are the
asymptotic stability and the H∞ norm.
Theorem 1. If Mf (s) and Mr (s) are proper and have no
CRHP (closed-right half plane) zeros and no CRHP poles,
except of p poles in the origin and if the Nyquist plot of
TG (s) = (Mf (s) − Mr (s))2 + 2Mf (s) + 2Mr (s) + 1

Theorem 2. If the AWTFs are asymptotically stable, there are
two integrators in Mf (s) and Mr (s), and

(32)

does not intersect the non-positive real axis, then the AWTFs
are asymptotically stable.
Proof: We base the proof on Theorem A.2 [15], which
states: A linear system is stable if and only if its transfer function T (s) is analytic in the right-half plane and ||T ||∞ < ∞,
where ||T ||∞ = supRe(s)>0 |T (s)|.
First, we prove that ||G+ (s)||∞ < ∞. We rewrite β(s) in
(13) as
β(s) = 1 +

sp dr (s) dr (s)nf (s)
+
,
nr (s)
df (s)nr (s)

(33)

then lims→0 β(s) < ∞. Moreover, we assume that there are
neither CRHP poles, nor CRHP zeros in Mf (s) and Mr (s),
except of the p integrators. Therefore, the norm of G+ (s) can
be unbounded only for s → ∞. The inverse of G+ (s) is given
by
!
r
1
M
M
r
f
G−1
=
β + β2 − 4
.
(34)
+ (s) =
G+ (s)
2Mf
Mr
We denote mβ and mr as the difference between the degrees of
the numerator and the denominator in β and Mr /Mf , respectively. We can see from (33) that if Mr is proper,
p then: i) mβ >
0, ii) (mβ + mr ) ≥ 0, and iii) lims→∞ β 2 − 4Mf /Mr =
lims→∞ β. Therefore,
(mβ +mr )
lim G−1
> 0,
+ = µm s

s→∞

(35)

where µm is a non-zero constant, and lims→∞ G+ < ∞.
Hence, ||G+ (s)||∞ < ∞. The proof of ||G− (s)||∞ < ∞ is
similar.
Next, we use the result of the complex function analysis,
√
which states that the square root function f (z) = z is

nf,0 6= nr,0 ,

(37)

df,0 = dr,0 = 1,

(38)

nf,0 > 0, nr,0 > 0,

(39)

then either ||G+ (s)||∞ > 1 or ||G− (s)||∞ > 1.
Proof: First, we prove that ||G+ ||∞ > 1 if κ > 1, where
κ 6= 1 due to (37). By ω0 we denote a frequency that is close
to 0 and evaluate the real and imaginary parts of the individual
transfer functions as
Mf (ω0 )
1
x1 + y1 =
, x2 + y2 =
,
(40)
Mr (ω0 )
Mr (ω0 )
x = x1 + x2 and y = y1 + y2 . The Taylor series of (40)
evaluated at zero yield
x1 (ω0 ) = kx,1 − kx,2 ω02 + kx,3 ω04 − ...,
y1 (ω0 ) =
x2 (ω0 ) =
y2 (ω0 ) =

ky,2 ω03

ky,1 ω0 −
+ ky,3 ω05 − ...,
−lx,1 ω02 + lx,2 ω04 − lx,3 ω06 + ...,
−ly,1 ω03 + ly,2 ω05 − ly,3 ω07 + ...,

(41)
(42)
(43)
(44)

where we assumed that Mr has two integrators. We note that
kx,1 = κ and lx,1 = 1/nr,0 . The other coefficients, kx,2 , kx,3 ,
etc., obtained from Taylor series are not important due to limit
ω0 → 0 as we show later in the proof.
Substituting (40) into (11) gives the real part of G+ (ω0 )
as
r
1
1 |z| + Re{z}
Re{G+ (ω0 )} = (1 + x) −
,
(45)
2
2
2
p
√
where we used Re{ z} =
|z|/2 + Re{z}/2, see e.g.
Section 3.7.27 in [17], and
Mf (ω0 )
Mr (ω0 )
= (1 + x2 − y 2 + 2x − 4x1 ) + (2y + 2xy − 4y1 ). (46)

z = β 2 (ω0 ) − 4
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Next, we investigate the case when Re{G+ (ω0 )} > 1,
hence, we solve the following inequality
r
|z| + Re{z}
(1 + x) −
> 2.
(47)
2
We simplify it as
2
2(x − 1)2 − Re{z} − Re{z}2 − Im{z}2 > 0,
(48)
substitute into it from (46) and obtain
− x2 (x1 − 1)2 − y1 y2 (x1 + x2 − 1) − 2x22 (x1 − 1)
− x32 − y22 (x1 + x2 ) > 0.

(49)

We substitute from (41)-(44) into (49) and get
lx,1 (kx,1 − 1)2 ω02 + O(ω04 , ω06 , ω08 , ...) > 0,

(50)

where O(ω04 , ω06 , ω08 , ...) stands for the polynomial
ω04 , ω06 , ω08 etc. The lowest order term in (50) is

with terms
ω02 . Therefore, the inequality in (47) holds for ω0 close to zero if
lx,1 = 1/nr,0 > 0. We assume in (39) that nr,0 > 0, hence,
Re{G+ (ω0 )} > 1 and ||G+ ||∞ > 1. Similarly, it can be
shown that ||G− ||∞ > 1 if 0 < κ < 1 and nf,0 > 0. Hence,
if nf,0 6= nr,0 then κ 6= 1 and either ||G+ (s)||∞ > 1 or
||G− (s)||∞ > 1
IV. I MPLICATIONS FOR THE GRAPHS WITH ASYMMETRIC
COUPLING

In this section, we follow the argument given in the Introduction that certain features in the performance of the
distributed system can be inferred from the analysis of wave
propagation between the agents because of the local nature of
the AWTFs.
Definition 2. We say that the distributed system is locallystring stable if the AWTFs are asymptotically stable and
||G+ (s)||∞ ≤ 1

and

||G− (s)||∞ ≤ 1.

(51)

Otherwise, the system is called locally-string unstable.
The meaning of the local-string stability is similar to the
string stability. Both the local-string stability and the string
stability deal with the performance of the distributed system
and describe whether the disturbance acting on an agent amplifies as it propagates through the system. However, the localstring stability describes the performance from the local point
of view without considering the whole distributed system.
The local description is particularly advantageous for a large
distributed system, where the traditional Laplacian approach
is difficult to apply.
The main contribution of the paper is given in the following
Theorem.
Theorem 3. If i) all agents are identical, ii) there are
two integrators in the dynamics of the agents, and iii) the
positional coupling between the agents is asymmetric, then
the distributed system is locally-string unstable.
Proof: If the positional coupling is asymmetric, then
nf,0 /df,0 6= nr,0 /dr,0 by Definition 1. Since we can always
transform Mf (s) and Mr (s) such that df,0 = dr,0 = 1, then

nf,0 6= nr,0 . Therefore, ||G+ (s)||∞ > 1 or ||G− (s)||∞ > 1,
which follows from Theorem 2, and the distributed system is
locally-string unstable.
We can interpret Theorem 3 as follows. The ||G+ (s)||∞ > 1
causes that the disturbance is amplified as it propagates from
Xi (s) to Xi+1 (s), from Xi+1 (s) to Xi+2 (s), from Xi+2 (s)
to Xi+3 (s) etc. The larger the path graph is, the more is
the disturbance amplified. Similarly, if ||G− (s)||∞ > 1, then
the disturbance is amplified as it propagates in the opposite
direction.
Theorem 3 is in agreement with the results of [9], [4] or
[10], which state that if the asymmetry is in the form of
Mf (s) = µMr (s) with µ being a constant gain, then the system
is string unstable. However, Theorem 3 is more general since
it states that the distributed system is string unstable if the
DC gain of Mf /Mr is not equal to one. Hence, it allows the
asymmetry to be more complex.
We should emphasize that Theorem 3 does not disprove an
asymmetry in the velocity coupling. In fact, the asymmetric
velocity coupling may improve the transient of the system, as
shows the simulation example in Section V.
V. M ATHEMATICAL SIMULATIONS
The mathematical simulations compare three different control strategies for two different sizes of a path graph. The
results are shown in Fig. 3, where the agent is modelled as a
double integrator with a linear model of friction controlled by
a PI controller, that is
Mf =

1 4s + 4
3 s2 (s/3 + 1)

(52)

for all three cases. But
Mr = Mf , M r =

2.5
1 2.5s + 4
Mf , M r =
,
4
3 s2 (s/3 + 1)
(53 a, b, c)

for the left, middle and right panels, respectively.
We can see that the symmetric bidirectional control has a
very long transient (the left panel), which is shortened when
the asymmetry is introduced to both positional and velocity
couplings (the middle panel). However, the asymmetry in the
positional coupling causes a large overshoot which even scales
with the size of the graph. When the positional coupling is kept
symmetric and the velocity coupling asymmetric (the right
panel), the overshoot is smaller than for the symmetric case.
Moreover, we can see that the transient scales approximately
linearly with the size of the graph.
An independent validation of the AWTF approach is shown
in Fig. 4. We can see excellent agreement between the statespace approach based on (3) and the AWTF approach.
Fig. 5 shows the numerical validation of Theorem 2 for
Mf and Mr defined by (52) and (53b)-(53c). We can see that,
if there is asymmetry in the positional coupling (solid line),
i.e. nf,0 6= nr,0 , then the H∞ norm of G+ is greater than one.
The norm is reduced to one by making the positional coupling
symmetric (dashed line).
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Fig. 3: The numerical simulations showing the position of the last agent in the distributed system with path graph topology
when the leader changes its position from 0 to 1. The figure compares three different bidirectional control strategies: i)
the symmetric (the left panels) defined by (53a), ii) the traditional asymmetric control with asymmetries in both positional
and velocity couplings (the middle panels), see (53b), and iii) the combined symmetric positional with asymmetric velocity
couplings (the right panels), see (53c). The top and bottom panels show the system with 20 and 50 agents, respectively.

Amplitude [−]

Wave: X10
1.5

Wave: A10
Wave: B10

1

Magnitude [dB]

State space: X10

2

0
−5
−10

G+ : Asymmetric vel.

0.5
0
0

−15 −1
10
20

40

60

80

100

Time [s]

Fig. 4: The comparison of the positions of the 10th agent in
the system considered at the top right panel in Fig. 3 simulated
by the state-space approach using (3) (blue solid line) and by
the AWTF’s approach using (9), (10) and Lemmas 1 and 2
(green crosses). The two components A10 and B10 from (8)
are shown with the dashed red and blue lines, respectively.
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Fig. 5: The comparison of the frequency characteristics for
two different transfer functions G+ (s). The asymmetries in
the couplings are defined as in Fig. 3.

VI. R ELATION TO SYSTEMS WITH OTHER GRAPH
TOPOLOGIES

The numerical simulations in the previous section are carried out for a distributed system with a path graph topology.
However, Theorem 3 holds also for a more complex graphs
because of the local nature of the AWTFs. This can be nicely
demonstrated on a graph, where a path graph is a part of a
more complex graph as in Fig. 6. Although, the string stability
is defined and studied mostly for the path graphs, we can
observe the same phenomenon, that is, the amplification of
a disturbance as it propagates in the system. The top panels
of Fig. 7 show that the condition of the symmetric positional
coupling is violated. Such a phenomenon is difficult to identify
by the traditional state-space approach.

Fig. 6: The topology of the distributed system, where the black
and green nodes represent the agents with the symmetric and
asymmetric couplings, respectively. The ’L’-node is the leader
of the system. ’Q’-nodes lie on the same path, which differs
from the path of ’P’-nodes.

VII. C ONCLUSIONS
The paper examined a distributed system with asymmetric
bidirectional control, where the coupling between the agents
is allowed to be arbitrarily complex. The proposed approach
reveals that the symmetric positional coupling, i.e. identical
DC gains of the controllers, is necessary for the string stability
of the distributed system. This finding does not disprove the
asymmetry for other couplings. In fact, it is numerically shown
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Fig. 7: The numerical simulations showing the positions of
agents Q2 , Q5 , Q8 , P1 , P4 and P7 of the system with the
topology in Fig. 6. The input to the system is the Dirac pulse,
which represents the noise acting on the leader. The agents
at the top and bottom panels have Mf and Mr defined as in
middle and right panels in Fig. 3, respectively.

that, if the asymmetry in the velocity coupling is adjusted
properly, then the system’s performance may be improved.
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